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Abstract. Recent developments linking non-perturbative quantum gauge theories in
Minkowski space to classical gravity theories in anti-de-Sitter space are reviewed at
a simple level. It is suggested how these spectacular advances may be extended to
discuss the quark-gluon phase transition in terms of black holes in anti-de-Sitter space,
with possible relevance to heavy-ion collisions.
INTRODUCTION
Klaus Geiger was a totally special guy, and it was a privilege to
have him as a friend as well as a valued collaborator. Many of us
at CERN have been deeply distressed by his passing away - including
secretaries, barmen and playgoers as well as physicists.
In addition to our joint projects, Klaus and I used to enjoy shooting the bull
about our other nutty ideas, not to mention string theory. I am sure he would
enjoy hearing how the latest developments in this formal field might connect with
his passion for RHIC physics. Mapping QCD onto gravity in anti-de-Sitter space
may provide a new way of thinking about (even calculating?) the quark-hadron
transition. On the way to describing this possibility in simple terms, I start by
reviewing some ideas about modelling this transition that Klaus and I incorporated
in our work together, and we shall see later how this may be related to anti-de-Sitter
black holes.
EFFECTIVE FIELD THEORY AND THE
QUARK-HADRON TRANSITION
The low-mass hadronic degrees of freedom, π,K, η, ... and their low-energy inter-
actions are described by an effective chiral Lagrangian [1], that can be written in
the form
Leff = −1
2
∂µπ · ∂µπ +O(π2(∂π2)) + ... . (1)
The quartic and higher-order terms may in principle be calculated by integrating
out quarks, or be related to the exchanges of more massive hadrons, such as the
vector mesons, and their form is being constrained by data [2]. The effective La-
grangian (1) also has soliton (lump) solutions that have I = J = 1/2 and B = 1,
that may be identified with baryons [3]. This picture may provide useful insight
into the puzzle of the proton spin, which is purely orbital angular momentum in
this soliton approach, so that the quark spins make no net contribution in the limit
of light quark masses [4], in qualitative agreement with the data [5].
At finite temperatures, the chiral order parameter 〈0|q¯q|0〉 → 0 and chiral sym-
metry is restored [6,7]. In this limit, the chiral soliton expands: R → ∞ and its
mass vanishes: M → 0. We therefore interpret this chiral transition also as the
deconfinement transition for quarks [8]. If only the pseudoscalar degrees of freedom
in (1) are taken into account, this chiral transition is second order [6,7]. However,
the transition occurs at a temperature T = 0(ΛQCD), so other hadronic degrees
of freedom should also be taken into account [8]. Figure 1 shows how an order
parameter χ related to the gluon condensate 〈0|GµνGµν |0〉 behaves as a function of
temperature when these are included. At low temperature T0 < T1, the free energy
is minimized when χ 6= 0 and the heavier hadrons with m ∝ χ are massive. At
T1, the free energy is equal in this and the χ = 0 phase where the hadrons are all
massless. Below T2, there is the possibility of a mixed phase, depending on the his-
tory of the system. Finally, when one heats beyond T2, the χ 6= 0 confined vacuum
ceases to exist, and the theory must be in the unconfined phase. This picture is
reminiscent of a liquid-gas transition [9], and is analogous with phase transitions
of gravity in anti-de-Sitter space, as we shall see later.
Klaus and I incorporated these ideas [10] in his space-time parton-shower Monte
Carlo [11], to provide an afterburner for hadronization. To see how this works, con-
sider the process e+e− → Z0 → q¯q, where the initial decay produces a pair of “hot”
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FIGURE 1. Qualitative variation of the free energy with temperature in QCD [8]. At temper-
atures below T0, there is no stable state at the origin, the only stable state (with non-zero order
parameter) corresponds to confinement, and there is a string tension. There is no stable confined
state at temperatures above T2. Between T0 and T2, there is the possibility of a mixed phase. The
confined and unconfined phases have equal free energies at the temperature T1, which would be Tc
under adiabatic conditions.
off-shell partons as shown in Fig. 2a. These create a local “hot spot” of the uncon-
fined phase, which is surrounded by the usual “cold” hadronic vacuum. During the
subsequent parton-shower development, the “hotter” deeply-virtual partons decay
into “cooler” partons closer to mass shell, as the “hot spot” expands and cools.
Since an isolated parton is impossible, whenever a parton becomes >∼ 1 fm away
from its nearest neighbour, it should be confined and hadronize. This process con-
tinues until all the partons “cool”, separate and hadronize, as seen in Fig. 2a for
e+e− → Z0 → q¯q and in Fig. 2b for e+e− → W+W− → q¯qq¯q.
We modelled [10] the parton-hadron conversion using the chiral Lagrangian (1)
to describe the “cool” phase, and describing the transition by analogy with the
finite-temperature transition shown in Fig. 1, but replacing temperature T by the
separation L between a parton pair: T ↔ 1
L
[12]. We interpreted L as the effective
size of the local cooling region, and treated the hadronic degrees of freedom as if
they were in a box of this size. We then estimated heuristically the hadronization
probability P (L) by calculating the tunnelling through the barrier shown in Fig. 1
between the “partonic” χ = 0 and hadronic χ 6= 0 vacua. This probability peaks
at a characteristic separation L ∼ 0.6 to 0.8 fm. We have applied this picture
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FIGURE 2. Schematics of the two e+e− event types e+e− → Z0 → q¯q and
e+e− → W+W− → q¯qq¯q. The final-state hadron distribution in Z0 events (left) is due to
exclusively ‘endogamous’ hadronization of the partonic offspring from the qq¯ dijet [10], whereas
in W+W− events (right) there is, in addition, the possibility of ‘exogamous’ hadron production
involving a mating of partons from the two different W+ → qq¯ and W− → qq¯ dijets [14].
to various physical conditions, including deep-inelastic scattering [13] and e+e− →
W+W− → hadrons [14], as well as to e+e− → Z0 → hadrons [10]. An afterburner
for Bose-Einstein correlations [15] that we explored together with Klaus is described
here by Ulrich Heinz and Urs Wiedemann [16].
In the rest of this talk, we explore a different direction, first looking at more
theoretical approaches to confinement, and seeing later their possible relation to
the ideas discussed in this section.
CONFINEMENT AND MONOPOLES
A formal approach to confinement is based on the space-like Wilson loop integral
W (C) = eie
∫
c
A·dl , (2)
and the time-like Polyakov loop integral
P (C ′) = eie
∫
C′
A·dl . (3)
If we consider a curve C ′ that has the form of a rectangle with time-like sides of
duration t separated by a distance R, in the confining phase we expect that
P (R, t) ∼ e−µRt , (4)
corresponding to an effective potential
V (R) ∼ µR (5)
This is believed to correspond to a flux tube in which the chromoelectric flux lines
have been squeezed by a dual analogue of the Meissner effect in conventional super-
conductivity [18]. In the conventional case, there is a condensate of Cooper pairs
〈e−e−〉 that seeks to expel magnetic flux lines. In the QCD case, there should be
a condensate of chromomagnetic monopoles that seek to expel and squeeze chro-
moelectric flux. Essential aspects of this picture have been demonstrated in N = 2
supersymmetric gauge theory, which has an exact non-perturbative solution [17].
The chromomagnetic monopoles arise in the projection of a non-Abelian gauge
theory onto its maximal Abelian subgroup, e.g., SU(N) → U(1)N−1 [18]. It is
believed that this Abelian subgroup may be solely responsible for confinement,
and Polyakov has proposed a formal string description of QCD in this confined
phase [19]. Assuming monopole condensation at a characteristic QCD scale Λ, he
has argued that low-energy physics is described by an effective action for a chiral
gauge field, that includes an antisymmetric tensor field coupled to string:
A→
∫
d4xBµν(x)
∫
d2σǫab∂aX
µ∂bX
νδ4(X(σ)− x) (6)
where σ and the suffices a, b denote world-sheet coordinates. Relating this to the
formalism of fundamental string theory, and deriving a full theory of QCD string,
remain theoretical challenges.
INTRODUCTION TO STRING THEORY
It is worth recalling that string models were born from old-fashioned strong-
interaction theory. The lowest-lying hadrons p, n, π were found to be accompanied
by many heavier hadronic states, whose maximum spins grew quadratically with
their masses:
m2 ∝ J , (7)
as would occur in a linearly-rising potential (5). Such a potential would lead to an
infinite set of unstable excited states.
It was observed that such an infinite set of states would make possible a dual
bootstrap picture in which the infinite set of direct-channel resonances could be
resummed to yield an infinite set of cross-channel exchanges, which were associated
with Regge trajectories. A mathematical model scattering amplitude embodying
these ideas was found by Veneziano [20].
Shortly afterwards, it was shown that this amplitude could be derived from a
string theory [21], in which the highest-spin excited states had
J ≃ α′m2 , (8)
where α′ ∼(1 GeV)−2 is the string tension. The hadrons could be interpreted in this
picture as excited vibrational states of open strings with massless quarks attached
to their ends. Unitarity at higher orders required that these be supplemented by
closed strings that were thought to be related to the Pomeron and to glueballs.
Attention to this approach to the strong interactions was distracted by its failure
to explain the point-like parton structures that had emerged in high momentum-
transfer processes. Interest in the string approach to QCD lapsed with the discovery
of QCD, which showed how this point-like behaviour could be understood in field
theory through the property of asymptotic freedom.
However, around the same time it was proposed that string theory be reinter-
preted as a quantum theory of gravity and all the other particle interactions [22].
This proposal arose from the observation that the spectrum of closed string in-
cluded a massless spin-2 particle that could be interpreted as the graviton, as well
as massless spin-1 particles that could be interpreted as gauge bosons. This rein-
terpretation apparently required rescaling the string tension: α′ → O
(
1
m2
P
)
, where
mP ≃ 1019 GeV is the energy scale at which four-dimensional gravitational inter-
actions become strong.
String theories can be written in terms of two-dimensional field theories on the
world sheet which describes the propagation of the string through time. A scalar
field on the world sheet of a closed string can be decomposed into left- and right-
moving waves:
φ(r + t) + φ(r − t) , (9)
each of which can be expanded in normal modes. Such a two-dimensional field
theory is relatively easy to make finite at the loop level, thus offering the prospect
of a finite quantum theory of gravity. This finiteness may be traced to the softening
of divergence difficulties that occurs when point particles are replaced by extended
structures, e.g.: ∫
d4k
1
k2
↔
∫
1/Λ=R
d4x
1
x6
∼ 1
R2
, (10)
where R is the size of the extended object. Strings are the simplest examples of this
approach, but why not also consider higher-dimensional internal structures? This
is actually what happens when one confronts non-perturbative aspects of string
theory [23], as we discuss later.
In making a finite string theory, however, one must be careful to avoid anomalies
at the quantum level. In the case of a purely bosonic string with no additional
world-sheet degrees of freedom, at the perturbative level this requires embedding
it in 26 space-time dimensions [24]. If the string is made supersymmetric, the nec-
essary number of dimensions is reduced to ten. The complete quantum consistency
of these theories was demonstrated by Green and Schwarz [25], triggering the first
string revolution.
The original bosonic string suffered from the defects that it had no fermionic
matter and that its vacuum was unstable, since it had a tachyonic scalar field.
Superstrings gained on both counts, since they contained fermions and had stable
vacua with zero cosmological constant. However, they were initially discarded
because it was not seen how to incorporate parity violation. This was first achieved
with the ten-dimensional heterotic string [26], which retained the feature of a stable
zero-energy vacuum. The final step towards making realistic models came with the
realization that one could construct four-dimensional heterotic string models, either
by compactifying the six surplus dimensions on a small manifold with characteristic
size ∼ 1
mP
[27], or by direct construction in four dimensions [28]. In the latter case,
one replaced the surplus dimensions by internal world-sheet degrees of freedom.
Such models could accommodate a realistic GUT-like or Standard-Model-like gauge
group in four dimensions [29].
Perturbative string models had a number of phenomenological successes. They
predicted that there should be at most ten dimensions, in agreement with the
observed number of four. They predicted that the gauge group should have rank
no greater than 22, in agreement with the rank four of the Standard Model. They
could not accommodate matter in large representations of the Standard Model
gauge group, such as the 3 of SU(2) or the 8 of SU(3), also in agreement with
experiment. Also, in a generic string model the maximum size of a Yukawa coupling
λ, such as that of the top quark, is of the same order as the gauge coupling g [30].
One therefore predicts a maximum quark mass mt = O(g)〈H〉, which yields the
successful prediction mt <∼190 GeV after including renormalization-group effects.
Perturbative string theories also permit a calculation of the gauge unification
scale from first principles [31]:
mGUT = 0(g)× mP√
8π
≃ few × 1017 GeV . (11)
This top-down calculation is close to the bottom-up estimate of mGUT based on
the experimental values of the gauge couplings: mGUT ∼ 2 × 1016 GeV [32]. but
there is an apparent discrepancy by over an order of magnitude. This provided
motivation for considering strongly-coupled string models with an extra (relatively)
large spatial dimension in the context of M theory [33], as we discuss in the next
section.
BEYOND STRINGS
The second string revolution was triggered by the understanding of non-
perturbative effects in string theory [23], and the role of higher-dimensional ex-
tended objects such as membranes, which do not appear in perturbative string the-
ory. The lowest two-dimensional membrane describes a three-dimensional world
volume as it propagates, and there are analogous higher-dimensional extended
structures. These may be obtained as soliton solutions of string theory, with masses
m ∼ 1/gs. Therefore, they become light in the strong-coupling limit, just as mag-
netic monopoles become light in the strong-coupling limit of gauge theory. It has
been known for some time that there is a duality in gauge theory between these
monopoles and conventional gauge particles [34]. Now it is known that similar
dualities exist in string theory: solitons in some strongly-coupled theories can be
identified with light states in the weakly-coupled perturbative limit of some other
string theory [35]. A related development has been the realization that the string
coupling gs should be interpreted as the expectation value of a quantum field, that
can be interpreted as an extra dimension. In the strong-coupling limit gs →∞, this
extra dimension also becomes large: R → ∞, and a ten-dimensional perturbative
string theory becomes a non-perturbative eleven-dimensional theory [33]. It is now
believed that all string theories are related by dualities, and that they all may be
regarded as particular limits of this underlying eleven-dimensional theory, known
as M theory. In the low-energy limit, this theory reduces to eleven-dimensional
supergravity [36], but its full spectrum is infinite.
The question now arises: which limit of M theory best describes the physics
we know? An important clue is provided by the bottom-up calculation of the
unification scale using the low-energy gauge-coupling measurements at LEP and
elsewhere [32]. This can be reconciled with the top-down string calculation [31]
if the eleventh dimension is relatively large: L11 ≫ 1/mGUT ∼ 1/(1016 GeV) ≫
1/mP . The idea is that the gravitational interactions “feel” this extra dimension,
and so become stronger at shorter distances: the Newton potential VN ∝ 1/r →
1/r2 in five dimensions. In this way, the gravitational coupling may rise more
quickly at energies E >∼ 1/L11, so as to be unified with the gauge interactions
(that do not feel the extra dimension) as shown in Fig. 3. The proposal is that
the gauge interactions act only on ten-dimensional subspaces of the full eleven
dimensions, that may be regarded as “capacitor plates” separated by the large
eleventh dimension in which gravity acts, as seen in Fig. 4 [33]. Six dimensions are
compactified, as in weakly-coupled string theory, with a size R ∼ 1/mGUT. Thus
physics is described by a five-dimensional effective supergravity theory at energies
SU(3)
SU(2)
U(1)
G
L11 mP
αi
GUT
FIGURE 3. Sketch of the possible evolution of the gauge couplings αi and the gravitational
coupling G: if there is a large fifth dimension with size ≫ m−1
GUT
, G may be unified with the gauge
couplings at the GUT scale.
L−111 < E < mGUT [37].
AN EXTRA DIMENSION FOR GAUGE THEORIES?
We saw in the previous section how a ten-dimensional string theory becomes ef-
fectively an eleven-dimensional theory in the strong-coupling limit. Does something
similar also happen in gauge theories [38]? Such a possibility would be consistent
with the holographic principle [39], according to which the information in a field
theory in some space-time can be encoded in another field theory on its bound-
ary. This was proposed originally in the context of quantum gravity, as a way of
understanding the fact that the black-hole entropy is proportional to the area of
its event horizon. In other words, all the information in the bulk of a black hole
is encoded on its surface. In the present context, information about the quantum
behaviour of a gauge theory is conjectured to be encoded in the classical behaviour
of a higher-dimensional gravity theory [38,40].
The crucial step is to recall that Minkowski space in d dimensions Md is itself
the boundary of anti-de-Sitter (AdS) space in d+ 1 dimensions (AdSd+1), which is
described by the metric
L11
M4
K
M4
K
FIGURE 4. The capacitor-plate scenario favoured in eleven-dimensional M theory. The
eleventh dimension has a size L11 ≫ M−1GUT , whereas dimensions 5, ..., 10 are compactified on
a small manifold K with characteristic size ∼ M−1
GUT
. The remaining four dimensions form
(approximately) a flat Minkowski space M4.
ds2 =
(
1 +
r2
b2
)
dt2 +
1
(1 + r
2
b2
)
dr2 + r2dΩ2 , (12)
where b is the AdS radius. Is gauge theory on Md equivalent to some theory on
AdSd+1? This bulk theory is likely to be a gravity theory, because of the Kaluza-
Klein trick:
GMN(M,N = 0, 1, 2, 3, 4)→ gµν , gµ4, g4ν , g44 , (13)
according to which the (µ4, 4ν) components of gMN in five dimensions are identified
as four-dimensional gauge fields.
Thus we arrive at the Maldacena conjecture [38]: that a d-dimensional conformal
(i.e., finite, with no divergences) supersymmetric gauge theory may be equivalent,
at least in a certain limit, to a conformal supergravity (or string) theory in (d+1)-
dimensional AdS space. The appropriate limit in which the conjecture was first
formulated was that of large Nc for the gauge theory, where the AdSd+1 curvature
becomes small and reliable classical solutions to the supergravity field equations
can be found. The spectrum of supergravity excitations in ADSd+1 was found to
correspond to the spectrum of an N = 4 supersymmetric gauge theory in the large-
Nc limit, which is known to be finite. It was also suggested that a similar analysis
could be made for non-conformal field theories.
Witten extended this idea to the N = 4 supersymmetric theory at finite temper-
ature t 6= 0 [41], and was able to demonstrate magnetic confinement as discussed
in Section 3, with the appearance of a mass gap. Since the boundary conditions
used to study finite-temperature field theory violate supersymmetry, this provides
a prototype for studying four-dimensional non-supersymmetric gauge theories at
large Nc. However, it was not possible in [41] to demonstrate asymptotic freedom,
and hence that a different phase did not appear in the weak-coupling limit.
A NON-CONFORMAL(IST) APPROACH
Conformal symmetry is very powerful: with no infinities and hence no need to
introduce a renormalization scale, one can derive many rigorous results. However,
the real world is not described by a conformal gauge theory: there is asymptotic
freedom, there are quark and gluon condensates, etc.. So how can one extend the
above ideas to go beyond conformal symmetry [42,43]?
In string theory, the conformal factor φ in the world-sheet metric
γab = e
φγˆab, (14)
where γˆab is a fiducial reference metric, is called a Liouville field [44]. Perturba-
tively it decouples in a conformal string theory such as the bosonic string in 26
dimensions or the superstring in ten dimensions, but has non-trivial dynamics in a
non-conformal string theory, as would be needed to describe QCD, which lives in
fewer dimensions. We have suggested that one identifies the Liouville field with a
q-number scale factor, that can be identified as a dynamical renormalization scale
in non-critical string theory [45]. We have also discussed the interpretation of
world-sheet defects [46] in such a non-critical Liouville string theory as black holes
in target space [47].
These ideas have recently been applied to the problem of confinement in gauge
theory [43]. We have shown that a world-sheet vortex defect corresponds to the
intersection of a target-space magnetic-field line with the world sheet, as seen in
Fig. 5. This is because one may rewrite the line integral in (2) in the following way:
∫
C
A · dl =
∫
Σ(C)
B · ds , (15)
where dS is an element of the surface Σ(c) that is bounded by the curve C whose
line element is dl. One may then decompose
B = ǫab∂aAb = ǫab∂a∂bX
µAµ(x) + ... , (16)
where ∂a∂bX
µ 6= 0 in the presence of a world-sheet vortex. Condensation of mag-
netic monopoles in target space creates a flux through the world sheet that corre-
sponds to condensation of vortices on the world sheet. This condensation is known
to occur at a low enough temperature T < Tvortex, and we have shown that vortex
condensation generates a tension for the string:
µ = (α′)−1 ∝ 〈(ǫab∂a∂bX)2〉 6= 0 (17)
corresponding to confinement in the string picture [43].
Magnetic monopole
field AM
World sheet Σ(C)
Wilson loop (C)
vortex
FIGURE 5. A string world sheet Σ(C), whose boundary is a Wilson loop C, in the presence of a
four-dimensional space-time magnetic field, as could be generated by a target-space monopole. The
intersection of the field line with the string world sheet results in a world sheet vortex, which is
related by world-sheet duality to a world-sheet spike. Condensation of magnetic flux in space time
corresponds to condensation of vortices on the world sheet, which generates a string tension [43].
We have also shown [43] how these ideas can be extended to AdS black holes,
as illustrated in Fig. 6. Black holes are related to defects of different type, called
spikes, that are related to world-sheet vortex defects by a world-sheet duality [46].
Stable AdS black holes correspond to a condensation of spikes on the world sheet,
which is known to occur at a high enough temperature T > Tspike > Tvortex. The
AdS gravity theory has phases [48] that parallel those of QCD:
T < Tvortex : vortices condense, no black holes, confinement
Tvortex < T < Tspike : vortices unbound, black holes unstable, mixed phase
Tspike < T : spikes condense, stable black holes, deconfinement (18)
The temperature dependence of the free energy resembles that shown in Fig. 1 for
QCD, with T2 ↔ Tspike and T0 ↔ Tvortex. The behaviour of the bulk theory is
reminiscent of a liquid-gas transition [9], a possibility to which we return shortly.
Boundary
     M4
Black
Hole
Bulk
AdS5
X
C
FIGURE 6. The string world sheet of Fig. 5 is embedded in four-dimensional Minkowski space
M4, which is regarded here as the boundary of five-dimensional Anti-de-Sitter space AdS5. A
black hole in the bulk of AdS5 corresponds to a vortex on the world sheet, whose condensation
corresponds to confinement [43].
WHAT DOES THIS HAVE TO DO WITH HEAVY IONS?
These advanced new theoretical ideas certainly provide deeper understanding
and insight into confinement and deconfinement in QCD [40]. They may also
provide useful new calculational techniques. Concretely, one may hope to tackle
non-perturbative strong-coupling phenomena in four-dimensional QCD using the
techniques of classical weakly-coupled gravity or string theory in AdS5. Indeed,
people have started to calculate quantities of experimental interest.
Glueball Masses [49]: correlation functions in QCD4 in the limit of large Nc
can be related to classical properties of supergravity in AdS5. Particle poles can
therefore be related to classical eigenvalue equations. In this way, calculations in a
certain limit have been made of the ratios of glueball masses, e.g.,
m0−+
m0++
= 1.20 , (19)
to be compared with the ratio 1.36± 0.32 obtained from a lattice computation. It
remains to be seen how results in the AdS5 supergravity limit correspond to the
physical case of QCD4, but at least one has some numbers to discuss.
Vacuum Properties [50]: First calculations have been made of the gluon conden-
sate and topological susceptibility χt, with the results:
〈0|GG|0〉
〈0|GG|0〉|lattice ≃ 0.9 ,
χt
χt|lattice ≃ 1.7 , (20)
as well as the string tension:
µ
µ|lattice ≃ 0.4 . (21)
These numbers are not perfect, and the AdS5 supergravity limit does not correspond
to the physical QCD4 limit, but please remember that these are early days yet.
Heavy-Quark Potential [51]: First calculations are quite promising, with the
expected form:
V (R) ∼ µR + (cont.) + exp(−RΛQCD) + . . . , (22)
emerging.
Finally, what about heavy ions? We are trying to model the behaviour of the
free energy and pressure near the QCD transition [9], which are known from lattice
calculations to exhibit departures from an ideal gas. This effect is particularly
marked for the pressure, which is considerably less than the ideal-gas value, as seen
in Fig. 7 [52]. One interpretation of this departure has been in terms of an effective
magnetic mass for the gluon above the transition temperature.
We regard this behaviour as a manifestation of a liquid-gas transition for black
holes in AdS5, which are regarded as effective regulators for the monopoles in M4.
These black holes interact via a non-trivial effective potential with analogues of van
der Waals forces. A standard analysis then leads to a van der Waals formula for
the equation of state,
RT = (V − b)
(
P +
a
v2
)
, (23)
leading to the familiar pattern of isothermal pressure curves. Based on this picture,
we obtain the behaviours of the free energy and pressure shown in Fig. 8 near the
FIGURE 7. Scaled energy density ǫ/T 4 compared with three times the scaled pressure 3p/T 4, as
obtained from lattice QCD calculations: for a discussion and original references, see [52].
critical temperature Tc [9]. These have the right qualitative behaviour, including
the vanishing of the pressure close to Tc.
We conclude on the optimistic note that modern ideas [23,38,43] in non-
perturbative string theory duality and conformal field theory may indeed have
some relevance to heavy-ion physics. Some non-perturbative QCD quantities have
already been estimated [49–51], and more are on the way. Not only qualitative in-
sights but also quantitative results may eventually emerge. The finite-temperature
QCD transition may be yielding to the theoretical assault [9]. Perhaps these ideas
may even eventually enable the calculation of physical quantities measurable di-
rectly in heavy-ion collisions?
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